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“Exotic” black holes with torsion
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In the context of three-dimensional gravity with torsion, the concepts of standard and “exotic”
Ban˜ados–Teitelboim–Zanelli black holes are generalized by going over to black holes with torsion.
This approach provides a unified insight into thermodynamics of black holes, with or without torsion.
I. INTRODUCTION
Recently, Townsend and Zhang [1] examined thermo-
dynamics of “exotic” Ban˜ados–Teitelboim-Zanelli (BTZ)
black holes—the solutions of a class of 3D gravity mod-
els for which the metric coincides with the standard BTZ
metric [2], but the conserved charges, energy and angu-
lar momentum, are, in a sense, reversed (as explained
in chapter III). Their analysis was focused on a simple
model of this type, described by the parity-odd gravita-
tional Lagrangian that Witten [3] named “exotic”. In
this framework, the authors discussed basic thermody-
namic properties of the “exotic” BTZ black holes (that
is, the standard BTZ black holes viewed as solutions of
the “exotic” model).
In Ref. [1], general relativity with a cosmological con-
stant (GRΛ) and the “exotic” gravity are treated as in-
dependent models, based on Riemannian geometry of
spacetime. In the present note, we show that these two
models can be naturally interpreted as different sectors of
a single model—the Mielke–Baekler (MB) model of 3D
gravity with torsion [4]. This approach offers a unified
view at GRΛ and the “exotic” gravity, revealing a new,
“interpolating” role of torsion with respect to Rieman-
nian theories of gravity. In this, more general setting,
standard BTZ black hole solutions can be generalized to
BTZ-like black holes with torsion [5–7], see also [8]. At
the same time, their thermodynamic properties [9, 10] al-
low us not only to simplify the considerations presented
in [1], but also to generalize them.
II. 3D GRAVITY WITH TORSION
In the framework of Poincare´ gauge theory [11–13],
where the triad ei and the Lorentz connection ωi are basic
dynamical variables (1-forms), and their field strengths
are the torsion T i = dei + εijkejek and the curvature
Ri = dωi+ 1
2
εijkωjωk (2-forms), the MB model is defined
by the Lagrangian (3-form)
LMB = 2ae
iRi−
Λ
3
εijke
iejek +α3LCS(ω)+α4e
iTi . (1)
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Here, LCS(ω) := ω
idωi +
1
3
εijkω
iωjωk is the Chern–
Simons Lagrangian for ωi, the exterior product is omitted
for simplicity, and (a, Λ, α3, α4) are free parameters. In
the non-degenerate case α3α4 − a
2 6= 0, the variation of
LMB with respect to e
i and ωi leads to the gravitational
field equations in vacuum:
2T i = pεijk e
j ∧ ek , 2Ri = qεijk e
j ∧ ek , (2)
where
p =
α3Λ+ α4a
α3α4 − a2
, q = −
(α4)
2 + aΛ
α3α4 − a2
. (3)
Using Eqs. (2) and the formula ωi = ω˜i+Ki, where ω˜i is
the Riemannian (torsionless) connection, and Ki is the
contortion 1-form, defined implicitly by Ti = εimnK
men,
one can show [6, 14] that the Riemannian piece of the
curvature, R˜ = R(ω˜), reads:
2R˜i = Λeff ε
i
jke
jek , Λeff := q −
1
4
p2 , (4)
where Λeff is the effective cosmological constant.
In the anti-de Sitter (AdS) sector with Λeff = −1/ℓ
2,
the MB model admits a new type of black hole solutions,
known as the BTZ-like black holes with torsion [5–7].
These solutions can be determined in two steps. First,
by combining the form the BTZ black hole metric,
ds2 = N2dt2 −N−2dr2 − r2(dϕ+Nϕdt)
2 ,
N2 =
(
−8Gm+
r2
ℓ2
+
16G2j2
r2
)
, Nϕ =
4Gj
r2
,
with the relation ds2 = ηije
iej, one concludes that the
triad field can be chosen in the simple, diagonal form:
e0 = Ndt, e1 = N−1dr, e2 = r (dϕ+Nϕdt) . (5a)
Then, the connection is determined by the first field equa-
tion in (2):
ωi = ω˜i +
p
2
ei . (5b)
The pair (ei, ωi) determined in this way represents the
BTZ-like black hole with torsion [5–7]. The thermody-
namic aspects of the new black holes are given as follows.
Energy and angular momentum of the black hole with
torsion, defined as the on-shell values of the asymptotic
2generators for time translations and spatial rotations,
have the following form [5, 14]:
E = 16πG
[(
a+
α3p
2
)
m−
α3
ℓ2
j
]
,
J = 16πG
[(
a+
α3p
2
)
j − α3m
]
. (6)
In contrast to GRΛ, where E = m and J = j, the pres-
ence of the Chern–Simons term (α3 6= 0) modifies E and
J into linear combinations of m and j.
After choosing the AdS asymptotic conditions, the
Poisson bracket algebra of the asymptotic symmetry is
given by two independent Virasoro algebras with differ-
ent central charges [6, 14]:
c∓ = 24π
[(
a+
α3p
2
)
ℓ∓ α3
]
. (7)
The partition function of the MB model, calculated
in the semiclassical approximation around the black hole
with torsion, yields the following expression for the black
hole entropy [9]:
S = 8π2
[(
a+
α3p
2
)
r+ − α3
r−
ℓ
]
, (8)
where r± are the outer and inner horizons of the black
hole, defined as the zeros of N2. The gravitational en-
tropy (8) coincides with the corresponding statistical en-
tropy [10], obtained by combining Cardy’s formula with
the central charges (7). The existence of torsion is shown
to be in complete agreement with the first law of black
hole thermodynamics.
III. A SPECIAL CASE: THE RESULTS OF
TOWNSEND AND ZHANG
After clarifying basic thermodynamic aspects of black
holes with torsion, the two types of black holes discussed
in [1] can be given a unified treatment by considering the
related limiting cases of the MB model.
For α3 = α4 = 0 and 16πGa = 1, the MB model re-
duces to GRΛ, the spacetime geometry is Riemannian
(p = 0), and formulas (6), (7) and (8) produce the
standard expressions for the conserved charges, central
charges and entropy:
E = m, J = j, c∓ =
3ℓ
2G
, S =
2πr+
4G
. (9)
Similarly, for a = Λ = 0, the MB model reduces to
Witten’s “exotic” gravity with Riemannian geometry of
spacetime. By choosing 16πGα3 = −ℓ, one arrives at the
“exotic” conserved charges, central charges and entropy,
E =
j
ℓ
, J = ℓm , c∓ = ±
3ℓ
2G
, S =
2πr−
4G
, (10)
which coincide with those in [1]. Since Λeff = −1/ℓ
2
implies 16πGα4 = −1/ℓ, the corresponding “exotic” La-
grangian is also the same as in [1].
These considerations, based on our earlier studies of
black holes with torsion, provide a simple way to under-
stand somewhat enigmatic relation between the standard
and “exotic” black hole thermodynamics.
IV. GENERALIZATION: STANDARD AND
“EXOTIC” BLACK HOLES WITH TORSION
In the previous section, the concepts of standard and
“exotic” black holes are used in the context of sim-
ple gravitational models with Riemannian geometry of
spacetime. Here, we wish to generalize these concepts by
going over to black holes with torsion.
The form of the general results (6), (7) and (8) sug-
gests to introduce standard black holes with torsion by
imposing the following requirements:
α3 = 0 , 16πGa = 1 . (11)
In this case, the general formulas reduce to the standard
form (9), and the corresponding 2-parameter Lagrangian
is given by:
LS =
1
8πG
eiRi −
Λ
3
εijke
iejek + α4e
iTi . (12)
The AdS condition,
Λeff =
3
4
(α4
a
)2
+
Λ
a
= −
1
ℓ2
,
implies Λ < 0.
Similar considerations lead to the following definition
of “exotic” black holes with torsion:
a+
α3p
2
= 0 , 16πGα3 = −ℓ , (13)
which implies that the conserved charges, central charges
and entropy take the “exotic” form (10). The correspond-
ing 2-parameter Lagrangian can be written in the form
LE =
1
16πG
[
2βeiRi +
β(β2 + 3)
3ℓ2
εijke
iejek
−ℓLCS −
β2 + 1
ℓ
eiTi
]
, (14)
where β := 16πGa and ℓ are free parameters.
In the limit p = 0, LS and LE describe torsionless
theories discussed by Townsend and Zhang [1]; thermo-
dynamic aspects of the corresponding black holes are
given in Eqs. (9) and (10). All the other limits de-
fine the standard and “exotic” gravities with torsion.
In particular, for the choice q = 0 (that is, by taking
(α4)
2 + Λ/16πG = 0 in LS and β = 1 in LE), the geom-
etry of these models becomes teleparallel (Ri = 0).
Acknowledgments
M.B. thanks F. W. Hehl for bringing the paper [1] to
his attention. We acknowledge the support from Grant
No. 171031 of the Serbian Science Foundation.
3[1] P. K. Townsend and B. Zhang, Thermodynamics of ex-
otic Ban˜ados-Teitelboim-Zanelli black holes, Phys. Rev.
Lett. 110, 241302 (2013).
[2] M. Ban˜ados, C. Teitelboim, and J. Zanelli, The Black
hole in three-dimensional space-time, Phys. Rev. Lett.
69, 1849–1851 (1992).
[3] E. Witten, 2 + 1 dimensional gravity as an exactly solu-
ble system, Nucl. Phys. B 311, 46–78 (1988).
[4] E. Mielke and P. Baekler, Topological gauge model of
gravity with torsion, Phys. Lett. A 156, 399–403 (1991).
[5] A. Garc´ıa, F. W. Hehl, C. Heinicke, and A. Mac´ıas, Ex-
act vacuum solution of a (1+2)- dimensional Poincare´
gauge theory: BTZ solution with torsion, Phys. Rev. D
67 124016 (2003).
[6] M. Blagojevic´ and M. Vasilic´, 3D gravity with torsion as
a Chern-Simons gauge theory, Phys. Rev. D 68, 104023
(2003).
[7] E. W. Mielke and A. A. R. Maggiolo, Rotating black
hole solution in a generalized topological 3D gravity with
torsion, Phys. Rev. D 68, 104026 (2003).
[8] M. Blagojevic´ and M. Vasilic´, Asymptotic symmetries in
3d gravity with torsion, Phys. Rev. D 67, 084032 (2003).
[9] M. Blagojevic´ and B. Cvetkovic´, Black hole entropy in
3D gravity with torsion, Class. Quantum Grav. 23, 4781–
4795 (2006).
[10] M. Blagojevic´ and B. Cvetkovic´, Black hole entropy from
the boundary conformal structure in 3D gravity with tor-
sion, JHEP 10, 005 (2006).
[11] T. W. B. Kibble, Lorentz invariance and the gravitational
field, J. Math. Phys. 2, 212–221 (1961).
[12] D. W. Sciama, On the analogy between charge and spin
in general relativity, in: Recent Developments in Gen-
eral Relativity, Festschrift for Infeld (Pergamon Press,
Oxford; PWN, Warsaw, 1962) pp. 415–439.
[13] M. Blagojevic´ and F. W. Hehl (eds.), Gauge Theories
of Gravitation, a Reader with Commentaries (Imperial
College Press, London, 2013); a review of 3D gravity with
torsion can be found in chapter 17.
[14] M. Blagojevic´ and B. Cvetkovic´, Canonical structure of
3D gravity with torsion, in: C. Benton (ed.), Trends
in General Relativity and Quantum Cosmology, vol. 2
(Nova Science Publishers, New York, 2006), pp. 103–123
[arXiv:gr-qc/0412134].
